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Abstract 

Symmetric gauge fields and invariant metrics in homogeneous spaces 
are found. Their use for finding exact solutions of the Einstein- Yang-Mills 
(EYM) equations is discussed. 



\ 1. Introduction 

CN 
CN 

The search for exact solutions in general relativity can usually be divided 
in two parts. The first part, which we call "kinematical" , consists in the 
restriction to a subset of fields in the space of field configurations (i.e. in the 
making of appropriate ansatze) . 

This restriction is made in accordance with the physical problem in con- 
sideration and is achieved by considering only the configurations which are 
invariant (or symmetric) under the action of a symmetry group £7. For ex- 
ample in the case of closed, flat and open Friedmann-Robertson- Walker cos- 
mological models, £7 is respectively £70(4), E 3 , £70(1,3) and plays the role 
of group of spatial homogeneity and isotropy. 

In the second (or "dynamical") part of the search for exact solutions in 
General Relativity we study the equations implied by the original theory in 
the set of £7-symmetric configurations. The number of independent variables 
in these equations is equal to the dimensionality of space-time minus the 
dimensionality of the orbits of the symmetry group. 

Here we will describe, following [1,2], a method of finding invariant metrics 
and symmetric gauge fields used in the kinematical part of the search for 
solutions of the EYM equations (see also [3,4]). 
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2. Invariant Metrics and Symmetric Gauge Fields 

Consider a space-time of the form 

M = M x S/R , (1) 

where S and R are Lie groups, and assume that we are interested in S- 
symmetric solutions of the EYM equations. The gauge group K is assumed 
to be a compact Lie group. 

Let us for further simplicity restrict ourselves to a homogeneous space- 
time 

M = S/R . (2) 

The reader interested in the general case (1) is referred to the contribution by 
Kapetanakis and Zoupanos in the present volume and to the literature [1-5]. 
Notice that the S'-invariant ansatz for the metric and the ^-symmetric (i.e. 
invariant up to a gauge transformation) ansatz for the gauge field, discussed 
here, are always present in the general case. 

We first chose a prefered moving frame in S/R and describe the S'- 
invariant ansatz for the metric in S/R. 

Consider the canonical {S = Lie(S')-valued) left-invariant one-form on 
the group manifold of S 

6 = 9 a T a = s^ds , 

where the T a are the generators of S and 9 a are left-invariant one-forms on 
S. The form is very important for the study of the invariant geometry 
of the Lie group S and its pull back to S/R plays, as we shall see below, 
an analogous role in the study of the invariant geometry of the coset space 
S/R. The group S can be considered as a principal bundle over S/R with 
structure group R (we assume R to be a closed subgroup of S and S/R to 
be a reductive coset space). Let us chose a (local) section a of this bundle in 
a neighborood of the origin o = [e] = R 

a : U C S/R — ► S 

and pull the form 9 back to S/R with respect to a: 

9 x = (a*9) x = a- l (x)da(x)=9 a T a . (3) 

The 5-valued one-form 9 in (3) is called the Maurer-Cartan one-form in S/R. 
A local moving coframe can be obtained from the Maurer Cartan one form 
as follows. Let 

s = n + M (4) 

be a reductive decomposition of S, where 1Z = Lie(R) and M. is a reductive 
(i.e. [1Z, M] C M.) complementary subspace and 



{T a } = {T a ,Ta} ,T a e M, Ta ElZ 



(5) 



be an adapted basis in S. We have the natural decomposition of the Maurer- 
Cartan one-form associated with (5) 

e = e M + e n = e a r a + &T h (6) 

Unlike the group case S, the one-forms 6 a in S/R are, in general, not S- 
invariant. Nevertheless they have simple transformation laws under the ac- 
tion of S. For given s e S,x G U and a, let r s (x; a) be the element of the 
isotropy group R defined by 

a(sx) = sa( y x)r s (x; a) . 

Then the transformation law of 9 a and 9 a under the action of s E S can be 
easily obtained from 

s*9 M = ad rj 1 ^)^ (7a) 

s*6 n = adr; 1 (x)6 n + rj 1 (x)dr s (x) , (76) 

where ad denotes the adjoint representation of S. The reductiveness of the 
decomposition (4) implies that the restriction of ad to the subgroup R has 
Ai as an invariant subspace. The representation of R in Ai obtained in this 
way is called the isotropy representation and is denoted by adu. Let {X a } 
be the frame dual to {0 a }. It is clear from (7a) that under s* the vectors X a 
in this frame transform in the same way the T a do under the isotropy action 
of rj 1 ^) (i.e. ad r" 1 ^)). Let B(., .), be an ad^- invariant scalar product in 
Ai with components B a ^ = B(T a ,T^). Then we conclude [6] that the metric 
in S/R with the same components B ab in the frame {X a }, 

7 = B ab e a <g> e b (8) 

is ^-invariant. Moreover any S'-invariant metric in S/R can be constructed 
in this way. Therefore we have succeded in reducing the (differential geom- 
etry) problem of finding S'-invariant metrics in the coset space S/R to the 
purely algebraic problem of finding aci^-invariant scalar products in Ai. The 
equation (8) with B ab being an ad^-invariant scalar product in Ai gives the 
ansatz for S'-invariant metrics in S/R. 

In an analogous way [1-5] the problem of finding S-symmetric gauge fields 
with gauge group K in S/R is reduced by Wang's theorem [6] to the algebraic 
problem of intertwining equivalent representations of the isotropy group. To 
see this recall that, according to Wang's theorem, the most general form of 
a S-symmetric gauge field in S/ R is given by 

A = \(9 n )+A(9 M ) , (9) 



where 



A : 1Z — >K = Lie(K) 



(10a) 



is an homomorphism from the isotropy algebra 1Z to the Lie algebra of the 
gauge group /C and A is a mapping from M. to /C 

A : M — ► K (106) 

satisfying the linear property 

A(ad(r)u) = ad(\(r))A(u) , ueM , r eR (10c) 

This property means that the mapp A intertwines the representation of R 
in M. (i.e. the isotropy representation) with the representation of X(R) in 
/C (obtained by restricting the adjoint representation of K to \{R)). The 
solutions of (10c) are therefore given by Schur's lemma. 

By making the ansatze (8) and (9, 10) we have concluded the kinematical 
part of the search for S'-symmetric solutions of the EYM equations. 

Analagous symmetric ansatze for linear connections with torsion have 
been made in the framework of generalized Einstein-Cartan theories [7]. 
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